
yn 
p = density 

= extract concentration leaving nth stage 
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The Control of Nonlinear Systems. 
Part 11: Convergence by Combined First and Second Variations 

REIN LUUS and LEON LAPIDUS 
Princeton University, Princeton, New Jersey 

It is shown that the first variation method can be used to provide on excellent starting con- 
dition for the second variation control of nonlinear systems. Numerical examples illustrate the 
basic features of the methods. 

In Part I ( 1 0 )  we presented a simple and straightfor- 
ward algorithm for determining the optimal control tra- 
jectory of nonlinear systems subject to control and state 
constraints. The basic concept involved a direct search on 
the control function. In the present paper we outline a 
more rational method for choosing the variations in the 
control function. The performance index is expanded to 
first- or second-order terms in the control vector; the di- 
rection in which the control vector is driven and its magni- 
tude are then chosen so as to extremize the change in 
performance index at each step. 

A method suitable for determining the optimal control 
trajectory which currently is in much favor is the gradient 
or first variation procedure (9). The logic in this method 
is easy to follow and programming on a digital computer 
is straightforward. A certain step is always taken in the 
direction of the most rapid change of the function to be 
extremized, and if the optimum region is overstepped, the 
step size is halved and the procedure is continued until 
some criterion is satisfied. However, the simplicity of the 
formulation is offset by two serious disadvantages. First, 
it is found in practice that a very large number of such 
steps or iterations must be taken before convergence oc- 
curs. Second, and more important, the trajectory ap- 
proaches the optimum, but does not actually reach it. In 
some cases, after as man as 50 to 150 iterations, the tra- 

vergence becomes too slow to warrant further iterations. 
To overcome these drawbacks of the first variation 

method Bryson et al. (4, 1 2 ) ,  Kelley et al. ( 7 ) ,  Merriam 
(13, 14) Kopp and McGill ( 8 ) ,  and Jaswinski (6) 
have developed an iteration scheme which incorporates 

jectory is still far from t B e optimum and the rate of con- 

Rein Luus is at the University of Toronto, Toronto, Canada. 

into the formulation not only the gradient of the function, 
but also the curvature or magnitude of the function. This 
formulation is called the second variation method, since 
second-order terms are used in the development. Con- 
vergence to the optimal trajectory now occurs in a quad- 
ratic fashion. 

There are certain disadvantages of the second variation 
method which remove some of the theoretical attractive- 
ness it may have. First, and most important, the initially 
assumed trajectory must be sufficiently close to the opti- 
mal trajectory for convergence to be obtained. Second, 
the number of equations to be integrated is considerably 
greater than required for the first variation method. Third, 
the equations themselves are more complicated. Hence, 
the programming of the iteration scheme with the required 
equations can be quite complicated. Finally, instabilit 
can arise from bad starting values, that is, from an insuz 
ficientl good guess for the initial trajectory. 

the choice of the initial trajectory can be remove8by 
using the first variation method for the first few iterations 
and then changing over to the second variation method. 
This combination provides rapid convergence to the opti- 
mum from almost any realistic starting trajectory. 

To illustrate the advantages of using the combined first 
and second variation methods, the control of a continuous 
stirred-tank reactor (CSTR) will be analyzed. In particu- 
lar, we shall consider the control of the CSTR at a natu- 
rally unstable steady state. This choice will make the 
selection of the initial control policy very crucial if the 
second variation method is used alone. With the com- 
bined method, however, the choice of the initial control 
policy can be relaxed considerably. 

In t K is paper we wish to show how the uncertaint of 
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We should briefly mention that in the present method 
the inclusion of the control or state constraints is most 
difficult. Usually this is accomplished by means of penalty 
functions but we do not desire to amplify this point here. 

PROBLEM DEFINITION 

We shall consider the control of the CSTR as originally 
formulated by Aris and Amundson (1). A first-order, ir- 
reversible exothermic reaction is carried out in the reactor 
and the control is to be achieved by the manipulation of 
the flow of cooling fluid through a cooling coil inserted 
in the reactor. 

The state equations for the CSTR are given by 

25T 
T f 2  

I ;  - ( T  + 0.25) + (C + 0.5) exp (-) 
- u ~ ( T  + 0.25) (1) 

25T 
C = 0.5 - C- (C + 0.5) 

where u1, the control action (based on the temperature 
deviation), has a minimum value of 0 when the coolant 
valve is completely closed. Although Aris and Amundson 
have specified that ui has a maximum value of 2.0 when 
the valve is completely open, here we shall assume that 
u1 is not bounded from above; as will be seen, a suitable 
weighting of the performance index will accomplish the 
same purpose. 

The performance index of interest in the present prob- 
lem is taken as 

I[x(O),tf] = f ' 7 8 { ( T z + C 2 )  + r ( u l - l ) 2 } d t  (3) 

where the vector x(t) ' = [ T ( t )  C ( t ) ]  has been intro- 
duced. r is a weighting parameter on the control term in 
the performance index and the final time of control t f  is 
chosen as tf = 0.78. For initial conditions on the control 
trajectory we choose 

and note that 
x(0)' = [0.05 01 (4)  

x ( t ) '  = [O 01, u1 = 1.0 ( 5 )  

defines an unstable steady state at which we wish to 
keep the system. If we now define a normalized control 
action 

u = u 1 - 1  

we may write Equations (1) and (2) in the general form 

X(t)  = f l x ( t ) ,  u(Q1 (7)  

(8) 

and the integrand of the performance index as 
J[x(t), u(t)] = T2 + c2 + ru2 

THE SECOND VARIATION METHOD 

The derivation of the second variation algorithm may 
be specified in a number of different ways. We shall here 
follow the work of Merriam (13, 14) since we have found 
this specific version to be relatively easy to use on a 
digital computer. Only the main equations will be de- 
tailed since the explicit and lengthy derivations can be 
found in reference 9. 

From a conceptual point of view, however, we shall 
discuss a generalized variational approach to the second 
variation equations. Thus one starts with the normal non- 
linear problem with no constraints and expands the per- 
formance index to second-order terms (see below) ; if the 
canonical equations of the maximum principle are then 

envoked the result is the minimum accessory optimal con- 
trol problem (2, 3, 5, 9, 11, 15). This new accessory prob- 
lem consists of a linearized system equation and a quad- 
ratic performance index, the solution to which is well 
known in the literature. Thus the original nonlinear prob- 
lem is converted over to a problem whose characteristics 
are well known. The material below is actually a specific 
version of this generalized approach. 

The performance index which we wish to minimize is 
of the form 

(9) 

where, for the CSTR, we have chosen tf to be 0.78 and 
have defined J by Equation ( 8 ) .  The minimization is to 
be carried out subject to the system constraints as ex- 
pressed by the state Equation (?) or expIicitly as Equa- 
tions ( 1 )  and (2).  

We.can incorporate these constraints directly in the per- 
formance index by considering the augmented perform- 
ance index 

(10) I* = 6" {J(x,u) + z ' ( f - i ) }  dt 

where we are penalizing ourselves if Equation ( 7 )  does 
not hold. Here z is a vector of n Lagrange multipliers or 
adjoint variables. 

If we add a superscript (1 + 1) to all items in Equation 
(10) the problem is to construct an iteration algorithm 
such that 

(11) p ( 0 )  > I*(l) > . . . .  p ( j )  > I*'j+l) > . . . . 
where the superscript refers to the stage of iteration. 

We start by expressing the values of functions at stage 
( i  + 1) in terms of the j t l l  iteration by Taylor's series 
expansions through second-order terms. To simplify the 
notation we use J,f = (aj/dx), Jzx = ( a2J/axz), etc., and 
use a linear operator 6 on the iteration numbers, that is, 
sJ = J ( j + 1 )  - J(j), Sx = x(j+1) - x(j), etc. Thus, it fol- 
lows directly that 

SJ = Jz' sx + 1,' Su + - sx' Jx, Sx 
1 
2 

(12) 
1 
2 

f SU' I,, sx + - SU' Ju, su 

where all items on the right hand are evaluated at 'th 
iteration and the prime indicates the trans ose of &e 
vector or matrix, In the same manner, if we ts efine 

- 
(13) H = z'f 

and note that If = K(z, x, u) then 

1 -  
f Su' gw Sx + - 2 Su' Huu Su 

+ SU' 7i,, sz + sx' gz, Sz (14) 

The system Equation (7) may be linearized by expansions 
to terms of first order to yield 

6X = fx 6x 4- f, Su (15) 

with Sx(0) = 0, since OUT initial conditions are constant. 
Finally, we envoke the relationship 

sz = P sx (16) 

+ Note: The italic subscripts r and u have the same definitions (see 
Notation) as their bold face counterparts. 
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where P = z, = a symmetric matrix. -4t this point P is 
unknown but Equation (16) allows us to remove 6z in 
all our e uations in terms of Sx. 

substituted into Equation (10) with the ( j  + 1)  super- 
script. The result is 

With t 1 ese expansions, Equations (12) and (16) are 

1 
2 

sf" = ltf ( H i  SX + H,' Su + - Sx' H,, Sx 

1 
2 

+ SU' H,, SX + - SU' H,, SU + SU' f,' P SX 

+ SX' f,' P SX- Z' SX- SX' P' 8X dt (17) 1 
where H is the normal Hamiltonian for this problem, 
namely 

H = J + z'f 
So far we have not used the canonical e uations which 

are necessary for an optimal trajectory. Toi r ing  these to 
bear we prefer to go through the Hamilton-Jacobi formu- 
lation. Thus, if we define 

lo = min 1 

Ho = min H 

the Hamilton-Jacobi partial differential equation has the 
form 

It is fairly easy to show that under mild conditions the 
characteristic equations of Equation ( 19) are the canon- 
ical equations of the maximum principle; this is simply 
illustrated by the equivalence 

z = 1,o 

Ju 3- fu' z = 0 (20)  

i = z t + z ,  x (21) 

(18) 

U 

u 

16" + H o  = 0 (19) 

But if we now envoke H ,  = 0 then it follows that 

Further the total time derivative of z is given by 

Differentiating Equation (19) with respect to x and using 
(20) and (Zl), we obtain 

i = - J x - f f , '  z (22) 
If we follow the same steps for P, noting that P = zz, 
there also results 

P = - Hz,  - {P f, + f,' P} + K R 
where 

(23) 

K = R' HUu-l (24) 

( 2 5 )  R = H,, + f,' P 

Equation (23) is the well-known Riccati equation. 

tion (17) we obtain 
When all of these new items are substituted into Equa- 

1 
2 

81" = I" { f Su' T Su + - Sx' K R Sx 
> + Su' R Sx + s' Su (26) 

T = H,, (27) 

s == H* ( 2 8 )  

where 

Thus at this point we have converted the nonlinear system 
equation to the linear form, Equation (15),  and con- 
verted the performance index to the modified quadratic 

form of Equation (26) .  This new problem must now be 
solved to solve the originally stated problem. Obviously, 
the right-hand side of Equation (26) needs to be nega- 
tive in order for the iterations to converge, that is 

= I*(i+l) - I O U )  < 0 

In addition, we would like the convergence to be as fast 
as possible, so we consider the minimization of the integraI 
of Equation (26) in the form 

(29) 

through the proper choice of Su. We denote this minimum 
as Vo( ax, t )  . Since V( Sx, t )  as given in Equation (29) is 
quadratic in Sx, we may write the minimum of V(Sx, t )  
as a quadratic expression: 

V0(6x, t )  - 9 ( t )  + q'(t) SX + Sx'Q(t) 6x (30) 
where 

~ ( t )  = scalar 
q ( t )  = vector 

; q(tr)  = 0 
; q(tr) = 0 

Q ( t )  = symmetric matrix ; Q ( t f )  = 0 

From Equation (30) 

Vto = ( i ( t )  f q(t)' Sx + SX' Q ( t )  Sx (31) 
Voaz = q ( t )  -t 2 Q ( t )  SX (32) 

Now minimization of V (Sx, t )  as given by Equation (29) 
yields 

1 1 - SU~'TSU" + - SX'KRSX + SUO'R~X + s'SU* 
2 2 

+ (q'(t) + 2Sx'Q(t))SX + i ( t )  

+ q(t)'Sx + Sx'Q(t)Sx = 0 (33) 
where 

and 

When the optimal control as given by Equation (34) is 
substituted into Equation (33) and the coefficients of Sr 
and Sx'Sx along with terms not containing Sx are set to 
zero (to satisfy the identity for any ax), there resuIts 

SU' = - T-' [S + RSX + f,'(q(t) + 2 Q ( t ) h ) ]  (34) 

SX = f, Sx -k f, Su (35) 

(36) 

+ 2Q[f,,T-% + f,T-lf,'q] (37) 

4 = R'T-IS + R'T-'f,q - fxq 

Q = 2 {QfuT-IR + Qf,T-'f,'Q - Qf,} (38) 
At this point it is noted that the matrix Q contributes 

on1 insignificantly to the control and appears as a second- 

equa- digital computer we shall discard these 

tions and put Q to zero. Thus Equation (37) takes the 
form 

and Equation (34) becomes 

n(n  + l) 
2 

or K er term. Therefore, to facilitate programming on the 

q =  R'T-'s + R'T-'f,q - f,q 

SU' = - T-' ( S  f R SX + f,' 9) 

(39) 

(40) 
Only one finaI change need be made to finish this de- 

velopment. To prevent overstepping of the control and to 
maintain the system linearization we introduce a constant 
E where 0 < E < 1 such that 
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Bu' = - c T-'(s + f,'q) - T-IR BX (41) 
Now we may summarize the details of the second vari- 

1. An initial guess is made for ~ ( t ) .  
2. Equations (7) and (9) are integrated forward from 

t = 0 to t = tf using the initial u(  t )  . This involves the 
integration of ( n  + 1) equations, namely 

ation algorithm. It  may take the following steps: 

i = f(x, u) 

I . =  J(x, u) 
3. While these integrations are carried out, the values 

of x ( t )  are retained in computer memory. 
4. The adjoint Equation ( 2 2 )  plus the additional equa- 

tions ( 2 3 )  and (39) are integrated backward, that is, 

2n + n ( n  + equations are integrated backward in 

time from t = tf to t = 0. 
5. During the backward integration the values of T, S, 

q, and R are stored in the computer memory. 
6. The new value of control is calculated from Equa- 

tion (41), that is 

u ( j+ l )  = u(j) - [aT-'(s + fuq]'j' - (T-lR)(j)(x(j+l) ,-x(j)) 

7. Steps 2 to 6 are repeated until no further changes 
in u(j+l) occur. Note that x(j+l )  is evaluated at the same 
time as u(j+l). 

As a side note, if the performance index increases dur- 
ing an iteration step, the parameter (F is halved and the 
procedure continued. In addition, the matrices P and T 

0 2 4 6 8 10 12 

ITERATION NUMBER 

Fig. 1. Effect of size of e on rate of convergence with the second 
variation. 

From Equations (1) and ( 2 )  

50 
( T  + 2)' 

- 2 + (C + 0.5) 
25T , -1-exp(-) 25T 

T + 2  

f,' = 

~~ 

must be positive-definite in order to assure convergence to 
at least a local minimum. 

EXPLICIT CALCULATIONS 

Now that we have outlined the second variation equa- 
tions we shall turn to its specific application to the CSTR 

Therefore, the adjoint equation may be written as 

problem. First we must evaluate some partial derivatives. 
From Equation (8) it follows that 

142) 

Further manipulations of interest are 

2 0  
Jxx=IIo 2 1  

= I  9 0 
50 25T 

( T  + 2 ) 2  

A.1.Ch.E. Journal 

(45) 
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Equation (25) thus becomes 

R = [-(Z' + 0.25) Pi1 - ~ 1 ,  -(T + 0.25) PIZ] (47) 

and Equation (27) gives 

T = 2r, a scalar (48) 
From this information we can evaluate the differential 
equation [Equation (23) ] 

1 
2T 

{P f, + f,' P} + -R' R (49) + ( Z Z - Z l )  -- 
ax2 

Also, in this example, s as defined by Equation (28) is 

s=2ru-z1 (T+0 .25)  = s =  scalar (50) 

and with the above, we can evaluate Equation (39) 

The final conditions are tf = 0.78, z(0.78) = 0, P(0.78) 
= 0, and q(0.78) = 0. 

Now we are in a position to perform a calculation on 
the CSTR. Equations (44),  (50), and (51) are to be 
integrated backward from tf = 0.78 with known values 
of T, C, and u. The values of T and C are obtained by 
a forward integration (from t = 0) of Equations (1 )  and 
(2) ,  and u is obtained by the iteration formula 

0.2c 

0.1 t 

0.16 

0.14 

I 4  

X 
w 0.12 
0 
f 
w 
0 0.IC 
2 

H a: 
a 

: O.OE 
a 
a 
w 

0.06 

0.04 

0.02 

0 
2 4 6 8 10 12 14 

ITERATION NUMBER 

Fig. 2. First and second variation iterations. Initial policy: u(t)  = 
0.5 for ( t  = 0, 0.76) and u( t )  = 0 for ( t  = 0.76, 0.78). 

(52) 
R 
2r 

- - [ ~ ( 5 + 1 )  - X I  k') 

All that is needed is 
start the iterations. 

otherwise the iterations may not converge and instability 
might be encountered. 

As an illustration of a careful selection of an initial 
policy, we shall choose the bang-bang control as obtained 
for time optimal control of the CSTR when ul is bounded 
above by 2.0 (9). This is not the correct optimal control 
policy to the current problem but it is close enough to en- 
sure convergence of the iterations. We thus choose u = 
1.0 for the time interval (0, 0.47), u = -1.0 for the time 
interval (0.47, 0.76), and u = 0.0 for the time interval 
(0.76, 0.78). In addition, we select r = 0.1. 

An interesting parameter in the computation is the step 
size factor E ,  which determines the magnitude of the step 
taken in each iteration stage j .  Thus we have selected a 
series of values of a and carried out an equivalent set of 
computations for each value of a. With a = 1.0 the 
second variation iterations converged from a starting value 
of the performance index of I ( o )  = 0.0782 to the mini- 
mum value of 10 = 0.0266 in only four iterations; with a 
= 0.5, five iterations were re uired and with a = 0.25 

gration of the various differential equations was taken as 
0.0025 for all these cases. It is apparent that in the pres- 
ent case there is no oversteppin of the control during the 

( E  = 1.0) is best to use. 

as possible, that is, close 

twelve iterations were require 8 . The step size for inte- 

iterations and thus the full a1 K owable control correction 

Fig. 3. First and second variation iterations. Initial policy: ~ ( t )  = 
0 for ( t  = 0, 0.78). 
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Similar results were also obtained for a larger step size 
in integration of the various differential equations (0.01 
instead of 0.0025) and the values of the performance in- 
dex 1 are plotted in Figure 1 to give a visual picture of 
the rate of convergence. Once again t = 1.0 yields fastest 
convergence rate as compared to any other E used. Also, 
the number of iterations for an integration interval of 
0.0025 and 0.01 is approximately the same. Thus, in all 
subsequent computations 0.01 is used to minimize com- 
puter time. 

0 
0 

0.5 

0 .  

COMBINATION OF FIRST AND SECOND 
VARIATION METHODS 

The above results were obtained with the carefully 
chosen initial control policy which ensured convergence. 
When, however, other initial policies were used, the itera- 
tion scheme as outlined diverged, because certain of the 
matrices in the iterations do not have the correct charac- 
teristics; that is T is not positive definite. Therefore, we 
turn to the combined use of the first and second variation 
methods to try to remove this initial policy defect. 

Since the first variation method itself has been detailed 
extensively in the literature (9, 14) we shall not attempt 
here to describe its formulation. However, it is important 
to repeat that it has the feature of going quickly from 
almost any initial policy to the neighborhood of the opti- 
mum. It thus seems intuitively apparent that one may 
use the first variation method to bring the trajectory close 
to the optimal and then switch over to the second varia- 
tion method to obtain convergence to the optimum. This 
feature is shown for two different initial policies in Fig- 
ures 2 and 3. The first variation method is used for the 
h s t  five iterations and then the second variation method 
is used until convergence results. The solid curves show 
the result of a complete application of the first variation 
method and it can be seen that even after fourteen itera- 
tions there is still a considerable deviation from the opti- 
mum, If the initial policies are used immediately for the 
second variation method, divergence results. The com- 
bined method, however, ensures rapid convergence. 

This example effectively illustrates the versatility and 
importance associated with the combined use of the first 
and second variations. Although the time per iteration is 
greater for the combined method than the first method 
alone. 2.4 vs. 1.5 scc. on the IBM 7094, this is not a seri- 
ous restriction. Of further importance is the fact that after 
even fifty iterations of the first variation alone, conver- 

---+cc;- COMBINED, I = 0.026604 

INITIAL POLICY 

- 

2.5 

AFTER 50 ITERATIONS. 

2.0 

1.5 
3 

-I 
0 

2 1.0 SECOND VARIATIONS 

a 

TIME 

Fig. 4. Comparison of fino1 policy ochieved by first ond second 
voriotions. 

gence is not reached. By contrast, fewer than ten iterations 
of the combined method yields complete convergence. 
This can most easily be seen in Figure 4. Therefore, there 
is an overall saving of computer time in the use of the 
combined methods. 
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NOTATION 

C 
f 

H = Hamiltonian 
Z = performance index 
I’ = augmented performance index 
J 
K 
P 
q 

8 
r = weighting factor 
R 
s 
t = time 
tr = final time 
T = deviation from steady state temperature 
T = variational matrix ( T  X r )  
u = normalized control action 
u1 = control action 
u, u 
V 
x, x 
z 
E = step size parameter 

LITERATURE CITED 

= deviation from steady state concentration 
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